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Summary

Pooling biospecimens is a well accepted sampling strategy in biomedical research to reduce study cost of
measuring biomarkers, and has been shown in the case of normally distributed data to yield more efficient
estimation. In this paper we examine the efficiency of pooling, in the context of information matrix related
to estimators of unknown parameters, when the biospecimens being pooled yield incomplete observations
due to the instruments’ limit of detection. Our investigation of three sampling strategies shows that, for a
range of values of the detection limit, pooling is the most efficient sampling procedure. For certain other
values of the detection limit, pooling can perform poorly.

Key words: Detection limit; Information matrix; Pooling design; Random sampling; Truncated/Censored
data.

1 Introduction

Often in epidemiological or environmental studies dealing with a large population or expensive measure-
ments of biomarker assays the laboriousness or the cost of a study can be reduced by examining only a
sample of the population. One of the sampling strategies is the well-accepted pooling design (e.g. Dorf-
man, 1943; Sterrett, 1957; Weinberg and Umbach, 1999). The basic idea is, under homogeneity assumption
about the population, to pool together biological samples (e.g., urine, sera, or plasma) from a number of
individuals and then to represent the data by measured assays of the synthetic personalities. As a sam-
pling strategy that avoids ignoring individual biological samples, under certain parametrical models of the
measurements, pooling design can have high efficiency (e.g. Faraggi,et al., 2003). Thus, ifN is the total
size of the population, by applying the pooling sampling strategy, we collect onlyn ≡ N/p measured
biological samples from the synthetically pooled specimens, where each pool has the same numberp of
individuals. Although the strategy of pooling specimens has been used in practice, methods for analysis
of set-based data from such experiments have not been fully and well developed in the lite rature, except
for certain special cases (normally distributed data or in the logistic regression context). This is, perhaps,
partly because for a general distribution of individual biomarker values, the likelihood methods based on
the pooled data may not be feasible, since the distribution of the pooled biomarker values involves the
complex convolution ofp individual biomarker values.

The sample size limitation is not the only restriction in biomarker development and evaluation. Instru-
ment sensitivity is another aspect due to which a portion of study participants have levels at or below some
experimentally determined detection limit and hence can not be observed; the value of the biomarker can
be completely observed only if this value is not below the detection threshold. Biomarker quantification
may be compromised if instrumentation cannot detect low levels. Although the problem can be considered
as a special case of fragmentary sampling and truncated/censored data (e.g. Wilks, 1932; Gupta, 1952;
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Cohen, 1955; Chapman, 1956 etc.), due to the importance of instrument sensitivity in many areas such as
occupational medicine and epidemiology, the topic of limit of detection has been extensively dealt with
in the biostatistical literature with recent examples including Finkelstein and Verma, 2001; Lynn, 2001;
Helsel, 2005; Schisterman,et al., 2006.

The growing use of biomarkers in exposure assessment strengthens the need to jointly address the issues
of pooling biospecimens and the limit of detection related to their measurements. In the present paper we
examine the efficiency of pooling biospecimens whose measurements are subject to a detection limit of
the instrument. We address issues concerning the pooling design and a detection limit such as 1) does the
pooling strategy relax or aggravate the detection limit problem, as compared to other sampling approaches?
and 2) if and how the detection limit affects the performance of a sampling strategy? as well as 3) can data
obtained by applying a specific sampling strategy lead to more efficient inference than the full data?

In Section 2, we present a general likelihood based method. Sections 3 and 4 address the problem for
data that follow a normal or gamma distribution, respectively. Section 5 presents a simulated example
based on real data. We give some concluding remarks in Section 6.

2 A General Methodology

Let X(F ) = {Xi, i = 1, . . . , N}, referred to as the ”full data”, denote the set of independent identically
distributed random variables corresponding to the measurements from a population of sizeN . In order to
make inference on the distribution of the population, ideally we would want to observe all theXs.When
this is not feasible, possibly due to cost restrictions, the conventional approach, referred to as the ”random
sampling strategy”, is to randomly selectn subjects and subsequently obtain, say, a random sample of
X(r) = {Xi, i = 1, . . . , n}. In contrast, the pooling strategy, aiming at fully utilizing all the available
subjects without increasing the study cost, randomly groups theN subjects inton sets, each of sizep. (For
convenience, we assumen = N/p is an integer.) Subsequently, instead ofX(F ) orX(r), the pooling design

yields observations, say, ofX(p) =
{

X
(p)
j ≡ ∑jp

i=p(j−1)+1 Xi/p, j = 1, . . . , n
}

, where the average of the

Xs in each set is the result of the measuring process of a pooled biological sample (e.g. Faraggi,et al.,
2003; Liu and Schisterman, 2003).

Often in many practical situations the measurements of a biomarker are subject to a detection limit,
sayd. Thus,Xi (or X

(p)
i ) is observed only ifXi ≥ d (or X

(p)
i ≥ d). We writeZ(F ), Z(p) andZ(r)

as the observable portion ofX(F ), X(p) and X(r), respectively. Assume that the random variableX
has a density functionfX(u; θ) dependent on an unknown vector of parametersθ = (θ1, . . . , θm). Our
primary interest is to make inference onθ based onZ(p) and compare the efficiency with that based on
Z(F ) andZ(r). (Here and henceforth, we say that an estimator is more efficient if it has smaller mean
squared error, or variance if the estimators under consideration are asymptotically unbiased.) Note that,
sinceX

(p)
j =

∑jp
i=p(j−1)+1 Xi/p, the convolution represented as

fX(p)(u; θ) =
∫

fX(pu− t1 − . . .− tp−1; θ)fX(t1; θ) · · · fX(tp−1; θ)dt1 · · · dtp−1 (1)

yields the density function ofX(p)
j for j = 1, . . . , n.

The likelihood functions based onZ(F ), Z(p) andZ(r) can be expressed in the form of

L(Z; θ) =
NZ !

RZ ! (NZ −RZ)!

∏

i:X
(Z)
i ∈Z

fZ(X(Z)
i ; θ)×

(∫ d̂Z

−∞
fZ(u; θ)du

)RZ

, (2)

whereZ = Z(F ), Z(p), Z(r); NZ(F ) = N,NZ(p) = NZ(r) = n; RZ(F ) , RZ(p) , RZ(r) are the differences
betweenN,n, n and the number of observations ofZ(F ), Z(p), Z(r), respectively (i.e.R is the the number
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of observations from the corresponding population that are below the detection limitd); fZ(F ) = fZ(r) =

fX , fZ(p) = fX(p) ;
{

X
(Z(F ))
i , X

(Z(p))
i , X

(Z(r))
i

}
=

{
Xi, X

(p)
i , Xi

}
and

d̂Z =

{
d, if d is known;
min

X
(Z)
i ∈Z

X
(Z)
i , if d is unknown.

Thus, the maximum likelihood estimator ofθ based upon the observed sampleZ is given by
{

θ̂1, . . . , θ̂m

}
= arg max

a1,...,am

L(Z; a1, . . . , am).

The accuracy of the estimatorŝθ1, . . . , θ̂m depends on the number of observations ofZ. Since the

observations are independent identically distributed, the probabilityP
{

X
(Z)
1 ≥ d

}
is the expected pro-

portion of observations in setZ. In the case ofZ = Z(p), X
(Z)
i = X

(p)
i is the average of theXs with

EX
(p)
i = EX1 andvar

(
X

(p)
i

)
= var (X1) /p (≤ var (X1)). Therefore, we can assume that the density

functionfX(p) is more concentrated around some pointd0 thanfX (i.e. in some neighborhood aboutd0

the area under functionfX(p) is larger than that under functionfX ); and hence if the detection limitd ≤ d0

(obviously, e.g., ifX1 is normally distributed thend0 = EX1) we have

P
{

X
(p)
1 < d

}
=

∫ d

−∞
fX(p)(u; θ)du ≤

∫ d

−∞
fX(u; θ)du = P {X1 < d} ,

because
∫ ∞

−∞
fX(p)(u; θ)du =

∫ ∞

−∞
fX(u; θ)du = 1 and fX(p) , fX ≥ 0.

Therefore, for some values ofd andp, the sampleZ(p) can have more observations thanZ(r) (and perhaps
Z(F )). This will be further reflected in the next two sections.

3 Normally Distributed Data

In this casefX(u; θ1 = µ, θ2 = σ) = ϕ ((u− µ)/σ), whereϕ(.) is the standard normal density function,
µ = EX1 andσ2 = var(X1) are the unknown parameters. It is clear that, for the pooled observations,
fX(p)(u; θ1 = µ, θ2 = σ) = ϕ

(
p1/2(u− µ)/σ

)
. From (2) the likelihood function is

L(Z; µ, σ) ∝ (σ)RZ−NZ exp


− pZ

2σ2

∑

X
(Z)
i ∈Z

(
X

(Z)
i − µ

)2







∫ d̂Z−µ

σp
−1/2
Z

−∞
ϕ(u)du




RZ

, (3)

Z = Z(F ), Z(p), Z(r); pZ(F ) = pZ(r) = 1, pZ(p) = p,

and therefore the maximum likelihood estimators(µ̂(F ), σ̂(F )), (µ̂(p), σ̂(p)), (µ̂(r), σ̂(r)) of (µ, σ) based
on samplesZ(F ), Z(p) andZ(r), respectively, are solutions of the equations:





∂ ln L(Z;µ̂,σ̂)
∂µ̂ = pZ

(σ̂)2

∑
X

(Z)
i ∈Z

(
X

(Z)
i − µ̂

)
− φ

(
d̂Z−µ̂

σ̂p
−1/2
Z

)
RZ p

1/2
Z

σ̂ = 0

∂ ln L(Z;µ̂,σ̂)
∂σ̂ = RZ−NZ

σ̂p
−1/2
Z

+ p
3/2
Z

(σ̂)3

∑
X

(Z)
i ∈Z

(
X

(Z)
i − µ̂

)2

− d̂Z−µ̂
(σ̂)2 φ

(
d̂Z−µ̂

σ̂p
−1/2
Z

)
RZ pZ = 0,

(4)

Z = Z(F ), Z(p), Z(r); φ(u) =
ϕ (u)∫ u

−∞ ϕ(u)du
.
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(E.g. Gupta, 1952 as well as Harter and Moore, 1966.)
One can show that ifd → −∞ (i.e. the detection limit is not in effect), (4) yields simple forms of the

estimators

µ̂(F ) =
1
N

N∑

i=1

Xi =
1
n

n∑

i=1

X
(p)
i = µ̂(p), µ̂(r) =

1
n

n∑

i=1

Xi,

σ̂(F )2 =
1
N

N∑

i=1

(Xi − µ̂(F ))2 , σ̂(p)2 =
p

n

n∑

i=1

(
X

(p)
i − µ̂(p)

)2

, σ̂(r)2 =
1
n

n∑

i=1

(Xi − µ̂(r))2 ,

whereσ̂(p) is distributed aŝσ(r) (Liu and Schisterman, 2003). Thus, in this case,var (µ̂(F )) = var (µ̂(p)) ≤
var (µ̂(r)) andvar (σ̂(F )) ≤ var (σ̂(p)) = var (σ̂(r)).

Hence, whend is small enough (i.e.d < 0 and |d| À 0), the statistical characteristics of theµ-
estimator from pooling sampleZ(p) are similar to the statistical properties of theµ-estimator based on the

full sampleZ(F ); andµ̂(p) is more efficient than̂µ(r). Since the normal probabilitiesP
{

X
(p)
1 ≥ d

}
≥

P {X1 ≥ d} with d ≤ µ, the expected numbernP
{

X
(p)
1 ≥ d

}
of observations inZ(p) decreases as

the detection limitd moves from−∞ to µ, in a rate that is smaller than that of the expected number
N P {X1 ≥ d} of observations inZ(F ). Therefore, we can expect that there are values ofd ≤ µ at
which µ̂(p) is more efficient even than̂µ(F ), which is based on a larger number of samples. Similarly,

if d ≥ µ, thenP
{

X
(p)
1 ≥ d

}
≤ P {X1 ≥ d}; thus we expect a larged at whichµ̂(p) is least efficient.

To give a simple example, setµ = 0, σ = 1, N = 300, p = 2 and hencen = 150. Figure 1 depicts
the expected sizes of setsZ(F ), Z(p) andZ(r) for different values ofd. Thus, aroundd = −1/2 (where
−1/2 ' max argq

∫∞
q

exp
(−u2

)
du/

∫∞
q

exp
(−u2/2

)
du) the pooling design yields the most efficient

estimator of the normal meanµ.
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Fig. 1 (a): the expected numbers of observations ofZ(F ) (curve —),Z(p) (- - -) andZ(r) (· · ·); (b): the ratio of the

expected size of setZ(p) to the expected size of setZ(F ) plotted againstd (the axis of abscissae);p = 2.

Similarly, we consider the estimators of the standard deviationσ. Whend is small enough, the statistical
characteristics of theσ-estimator based on the pooled sampleZ(p) are similar to that of theσ-estimator
based on the random sampleZ(r); for d ≤ µ, σ̂(p) is more efficient than̂σ(r).
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For finited andp, the vectorsN1/2[µ̂(F )−µ, σ̂(F )−σ]T , N1/2[µ̂(p)−µ, σ̂(p)−σ]T andN1/2[µ̂(r)−
µ, σ̂(r)− σ]T have asymptotically (asN →∞) a bivariate normal distribution with zero expectation and
covariance matrices∆(F ),∆(p) and∆(r), respectively (Persson and Rootzen, 1977). The covariance
matrices have the form∆ = limN→∞N∆N , where

∆N =
[

var(µ̂) cov(µ̂, σ̂)
cov(µ̂, σ̂) var(σ̂)

]
(5)

which is the inverse of the Fisher information matrix
[
−E ∂2 ln L(Z;µ,σ)

∂µ2 −E ∂2 ln L(Z;µ,σ)
∂µ∂σ

−E ∂2 ln L(Z;µ,σ)
∂µ∂σ −E ∂2 ln L(Z;µ,σ)

∂σ2

]
.

By applying the asymptotic results of Gupta (1952) as well as Harter and Moore (1966), we obtain

lim
N→∞

−E
∂2 ln L(Z; µ, σ)

N∂µ2
=

ω(Z)
σ2

(∫ ∞

ηZ

ϕ(u)du + ϕ (ηZ) (ηZ + φ (ηZ))
)

, (6)

lim
N→∞

−E
∂2 ln L(Z; µ, σ)

N∂µ∂σ
=

ω(Z)

σ2p
1/2
Z

(ϕ (ηZ) + ηZϕ (ηZ) (ηZ + φ (ηZ))) ,

lim
N→∞

−E
∂2 ln L(Z; µ, σ)

N∂σ2
=

ω(Z)
σ2pZ

(
2

∫ ∞

ηZ

ϕ(u)du + ηZϕ (ηZ) + η2
Zϕ (ηZ) (ηZ + φ (ηZ))

)
,

ηZ =
d− µ

σp
−1/2
Z

; Z = Z(F ), Z(p), Z(r); ω(Z(F )) = ω(Z(p)) = 1, ω(Z(r)) = 1/p.

Settingµ = 0, σ = 1 and utilizing (5) and (6), we calculate the asymptotic variances of the esti-
mators as functions ofd. Depending on the sampling strategy and the detection limitd, the values of
limN→∞ (N var(µ̂)) andlimN→∞ (N var(σ̂)) are presented in Figure 2. In accordance with the graphs
(b) and (c) (or (b′) and (c′)), for d ≤ −1.5 we havevar (µ̂(F )) ' var (µ̂(p)) < var (µ̂(r)) and
var (σ̂(F )) < var (σ̂(p)) ' var (σ̂(r)). The graphs(a) and(a′) correspond to the probabilities to observe
X andX(p) (i.e., for example,P {X1 ≥ d} = 1− ”the area under the curve from−∞ to d”). Thus, for

d ≤ 0 (= µ): P {X1 ≥ d} ≤ P
{

X
(p)
1 ≥ d

}
and therefore, as was expected,var (µ̂(F )) ≥ var (µ̂(p))

andvar (σ̂(p)) ≤ var (σ̂(r)). Whend ≥ 0, we have the inverse situation. This example again illustrates
the same conclusions regarding the efficiency of the estimators.

4 Gamma Case

In certain practical situation the distribution of the biospecimen values is skewed and the normality as-
sumption is not reasonable. In this case assumption of the gamma distribution, which takes a variety of
skewed shapes, provides a reasonable alternative (e.g. Faraggiet al., 2003).

In this section we consider the probability density function of the random variableX1 ≥ 0 having a
gamma distribution with scale parameterα and shape parameterβ:

fX(u; θ1 = α, θ2 = β) =
uα−1

βαΓ(α)
exp

(
−u

β

)
, α, β > 0, u ≥ 0.

Following Faraggi,et al. (2003), the pooled variateX(p)
1 has the gamma density

fX(p)(u; θ1 = α, θ2 = β) =
upα−1

(β/p)pαΓ(pα)
exp

(
−up

β

)
.
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Fig. 2 (a) (or (a′)): the density functionsϕ ((d− µ)/σ) and ϕ
�
p1/2(d− µ)/σ

�
of X1 (curve —) andX

(p)
1

(- - -), where p = 2 (or p = 4); (b) (or (b′)): the curve ”—” is ln (limN→∞N var(µ̂(F ))), ”· · ·”
presentsln (limN→∞N var(µ̂(r))), ”- - -” depicts ln (limN→∞N var(µ̂(p))) for p = 2 (or p = 4); (c) (or
(c′)): the curve ”—” is ln (limN→∞N var(σ̂(F ))), ”· · ·” presentsln (limN→∞N var(σ̂(r))), ”- - -” depicts
ln (limN→∞N var(σ̂(p))) for p = 2 (or p = 4).

By (2), the natural logarithm of the likelihood function for observed samplesZ = Z(F ), Z(p), Z(r) is

ln L(Z; α, β) = ln
NZ !

RZ ! (NZ −RZ)!
− (NZ −RZ)

(
ln Γ(pZα) + pZα ln

β

pZ

)
(7)

+(pZα− 1)
∑

X
(Z)
i ∈Z

ln X
(Z)
i − pZ

β

∑

X
(Z)
i ∈Z

X
(Z)
i

+RZ ln


 1

Γ(pZα)

∫ pZ d̂Z
β

0

tpZα−1e−udu


 , pZ(F ) = pZ(r) = 1, pZ(p) = p.

As in the case of a normally distributed population, solving the maximum likelihood equations∂ ln
L(Z; α̂, β̂)/∂α̂ = 0, ∂ ln L(Z; α̂, β̂)/∂β̂ = 0, based on samplesZ = Z(F ), Z(p), Z(r), yields estima-
tors (α̂(F ), β̂(F )), (α̂(p), β̂(p)) and (α̂(F ), β̂(F )) of (α, β), respectively (e.g. Chapman, 1956). The
estimators are asymptotically unbiased and normally distributed, asN → ∞. The asymptotic covariance
matrix ofN1/2[α̂−α, β̂−β]T can be found by inverting the asymptotic Fisher information matrix divided
by N , asN →∞. By utilizing propositions of Harter and Moore (1967), we obtain the limiting values of
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the elements of the information matrix (multiplied by1/N ), which are

lim
N→∞

−E
∂2 ln L(Z;α, β)

N∂α2
= ω(Z)pz

(
Γ(pzα)Γ′′(pzα)− (Γ′(pzα))2

Γ(pzα)2
(8)

−Γ(pZα; ηZ)Γ′′(pZα; ηZ)− (Γ′(pZα; ηZ))2

Γ(pZα)2
∫ ηZ

0
fX(u; pZα, 1)du

)
,

lim
N→∞

−E
∂2 ln L(Z;α, β)

N∂α∂β
=

ω(Z)
β

(∫ ∞

d

fX(u; pZα, β/pZ)du

+ηZ
fX(ηZ ; pZα, 1)∫ ηZ

0
fX(u; pZα, 1)du

(
ln(ηZ)

∫ ηZ

0

fX(u; pZα, 1)du− Γ′(α; ηZ)/Γ(α)
))

,

lim
N→∞

−E
∂2 ln L(Z;α, β)

N∂β2
=

ω(Z)
pzβ2

(
−pZα

∫ ∞

d

fX(u; pZα, β/pZ)du

+
2

Γ(pZα)
(Γ(pZα + 1)− Γ(pZα + 1; ηZ)) + ηZ

fX(ηZ ; pZα, 1)∫ ηZ

0
fX(u; pZα, 1)du

×
(

(ηZ − pZα− 1)
∫ ηZ

0

fX(u; pZα, 1)du + ηZfX(ηZ ; pZα, 1)
))

,

where

ω(Z(F )) = ω(Z(p)) = 1, ω(Z(r)) = 1/p; pZ(F ) = pZ(r) = 1, pZ(p) = p;

Γ(a; b) =
∫ b

0

ua−1e−udu; ηZ = pZd/β.

Similarly to Section 3, we start with examining the efficiency of the estimators(α̂(p), β̂(p)) and
(α̂(r), β̂(r)). Whend = 0, (8) leads to the following information matrices

V (F ) =
[

ln′′(Γ(α)) 1
β

1
β

α
β2

]
, V (p) =

[
p ln′′(Γ(pα)) 1

β
1
β

α
β2

]
, V (r) =

[
ln′′(Γ(α))

p
1

pβ
1

pβ
α

pβ2

]
, (9)

corresponding to the full data, pooling, and random sampling strategies, respectively. Thus, the pooling
strategy yields the same information related toβ-estimation as does the full data. However,α̂(p) does not
have the information density that̂α(F ) has (or, for some(p, α), α̂(r) has). This fact is stipulated by the
equationβ̂(p) = β̂(F ), for a givenα; nevertheless statistics based on averagesX(p) are not close to a
sufficient statistic for the parameterα based on individualX. (Sinceα̂(F ) : ln(α̂(F )) − Γ′(α̂(F )) =
ln

(∑N
i=1 Xi/N

)
−∑N

i=1 ln (Xi) /N , α̂(F ) can not be represented by the particular sums ofXs.) Define

A(α, p) ≡ β2
(
det

(
V (p)

)− det
(
V (r)

))
. Figure 3 plots the functionA(α, p), for different values of

α > 0 andp ≥ 2.
Hence,det

(
V (p)

) ≥ det
(
V (r)

)
, and therefore it is clear thatvar(β̂(p)) ≤ var(β̂(r)). However, by

using (9), we can easily defineα, β andp such thatvar(α̂(p)) ≥ var(α̂(r)).
Now, if the detection limitd > 0 is below some pointd0 such that

∫ d0

0

upα−1

(β/p)pαΓ(pα)
exp

(
−up

β

)
du ≤

∫ d0

0

uα−1

(β)αΓ(α)
exp

(
−u

β

)
du,

the pooled sample yields more observations than the random sample, and hence the difference in the
amount of information, which are obtained by the pooling design and the random sampling strategy, in-

creases. (Existence of the pointd0 such that for alld ≤ d0: P
{

X
(p)
1 < d

}
≤ P {X1 < d} can be
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Fig. 3 The differences, multiplied byβ2, between the amounts of information that are obtained by the pooling design
and the random sampling strategy, forp = 2, 3, 4, 5 and differentα > 0.

graphically displayed easily.) However, in the case whered À d0 the pooling design is an unreasonable
method, as illustrated in the following examples. In the figures we specifyα = 1/4 andβ = 4 for Figure
4(a,b,c) withp = 2 and for Figure 5(a,b,c) withp = 4; similarly, α = 4 andβ = 1/4 for graphs (a′, b′, c′)
of Figures 4 and 5. Whenp = 2, α is relative small andβ is relative large (α = 1/4, β = 4); for d ≤ 1.25
the pooling strategy is obviously more efficient than the random sampling. However whenp = 2, α = 4
andβ = 1/4, for d ∈ (0, 1) the variances of the estimators based on the pooling sample are slightly smaller

than that based on the random sample (note that following Figure 4(a′): P
{

X
(p)
1 < d

}
≤ {X1 < d}, for

d ≤ 1). Moreover, Figure (5)(b) indicates that, in the case(p = 4, α = 1/4, β = 4), if estimation ofα is
the main focus, pooling is not recommended.

5 An Example

We exemplify the presented issue concerning the pooling design using data from a study of biomarkers of
coronary heart disease. In this study cholesterol level measured in mg/dl was obtained fromN = 40 con-
trols who had a normal rest electro cardiogram, were free of symptoms and had no previous cardiovascular
procedures or myocardial infarctions. In order to investigate the effectiveness of pooling, blood speci-
mens were randomly pooled in groups ofp = 2 for the controls, and cholesterol level was re-measured
and treated as the average of the corresponding individual cholesterol levels. The data were examined
by Faraggiet al. (2003) and Schistermanet al. (2005), assuming that cholesterol levels follow a normal
distribution. We also suppose that the data is normally distributed with the mean and the standard devi-
ation estimated by(µ̂(F ) = 205.53, σ̂(F ) = 42.29) based on the full sample (N = 40, p = 1); and
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Fig. 4 Forp = 2, graphs(a, b, c) and(a′, b′, c′) correspond to (α = 1/4, β = 4) and (α = 4, β = 1/4), respectively.

(a) and(a′) the density functions ofX1 (curve —) andX(p)
1 (- - -); (b) and(b′): the curves ”—”, ”- - -” and ”· · ·”

depict ln (limN→∞N var(α̂(F ))), ln (limN→∞N var(α̂(p))) and ln (limN→∞N var(α̂(r))), respectively;(c)

and(c′): the curves ”—”, ”- - -” and ”· · ·” presentln
�
limN→∞N var(β̂(F ))

�
, ln
�
limN→∞N var(β̂(p))

�
and

ln
�
limN→∞N var(β̂(r))

�
, respectively.

(µ̂(p) = 207.88, σ̂(p) = 48.51) based on the pooled data (n = N/p = 20, p = 2). In the context of the
detection limit, we simulate putatived = 120, . . . , 250 and, by applying results from Section 3, estimate
µ, σ, var(µ̂) andvar(σ̂), for each value ofd. The results are presented by Table 1.

In addition, it is natural to assume thatvar(µ̂(r)) andvar(σ̂(r)) (where a random sample has sizen =
20) are about two timesvar(µ̂(F )) andvar(σ̂(F )), respectively. As is shown by the theoretical part of this
paper, ˆvar(µ̂(p)) < 2 ˆvar(µ̂(F ))(≈ var(µ̂(r))), for d ≤ 210; ˆvar(µ̂(p)) < ˆvar(µ̂(F )), for d = 200, 210
(note that these values ofd are close to the estimated mean of the data) andˆvar(µ̂(p)) > 2 ˆvar(µ̂(F ))(≈
var(µ̂(r))), for d > 210. Perhaps, since the data do not exactly follow a normal distribution, for smalld,
variance ˆvar(σ̂(p)) does not possess a value that is very close to2 ˆvar(σ̂(F ))(≈ var(σ̂(r))). However,
for d = 200, 210, we have ˆvar(σ̂(p)) < 2 ˆvar(σ̂(F ))(≈ var(σ̂(r))). Certainly, the pooling sample is the
most efficient, ifd = 200, 210. On the other hand pooling design is undesirable ford = 250.

6 Discussion

In the present paper no attention is paid to the possibility of technical monitoring of the instrument limita-
tions. However, we show that utilizing pooling design can relax or aggravate the influence of the detection
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Fig. 5 Forp = 4, graphs(a, b, c) and(a′, b′, c′) correspond to (α = 1/4, β = 4) and (α = 4, β = 1/4), respectively.

(a) and(a′) the density functions ofX1 (curve —) andX(p)
1 (- - -); (b) and(b′): the curves ”—”, ”- - -” and ”· · ·”

depict ln (limN→∞N var(α̂(F ))), ln (limN→∞N var(α̂(p))) and ln (limN→∞N var(α̂(r))), respectively;(c)

and(c′): the curves ”—”, ”- - -” and ”· · ·” presentln
�
limN→∞N var(β̂(F ))

�
, ln
�
limN→∞N var(β̂(p))

�
and

ln
�
limN→∞N var(β̂(r))

�
, respectively.

limit on the measurement of biological samples. Hence, arriving at a decision to apply the pooling strat-
egy is not a trivial determination. Since the efficiency of the pooling strategy is a function of unknown
parameters, a two-stage sampling design can be recommended. In order to evaluate the efficiency of the
sampling strategies, the first pilot sample can be executed. In this context, a consideration of risk-function
T =

∑m
i=1 wiivar(θ̂i) +

∑m
i 6=j wijcov(θ̂i, θ̂j) is appealing, whereθi, i = 1, . . . ,m are unknown pa-

rameters and{wij} is a set of weights. Moreover, for fixedN andd, an optimal sizep of pooling, which
minimizesT with pn ≤ N , can be obtained. (T can be interpreted as the generalized variance of the vector
parameters’ estimator. For example, settingwij = 1, if i = j andwij = 0, if i 6= j leads to the trace of the
dispersion matrix.) Note that, even if a detection limit is not in effect, the efficiency of the pooling design
is dependent on the distribution of the data. In particular, by basing on a gamma distribution, Section 4
presents the method to obtain the pooling sample efficiency depending on the parameters of the distribu-
tion function. The paper considers measurements that are subject to left-censoring due to values below
the assay detection limit. However, for right-censoring or doubly-censoring data, the contemplations are
similar.
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Table 1 Applying the maximum likelihood method (Section 3) to the real data with the simulated detection limitsd.
p = 1 andp = 2 correspond to the estimation based on the unpooled (full) and pooled data, respectively. (In accor-
dance with (5) and (6), we assume thatvar(µ̂(r)) andvar(σ̂(r)) are about two timesvar(µ̂(F )) andvar(σ̂(F )),
respectively.)

d p RZ µ̂ ˆvar(µ̂) σ̂ ˆvar(σ̂)

120 1 1 205.13 45.69 42.69 23.66

120 2 1 207.41 63.60 50.42 64.30

150 1 3 205.23 45.93 42.46 26.27

150 2 1 208.87 51.40 45.24 54.03

170 1 7 205.68 46.88 42.04 30.33

170 2 3 208.59 53.80 45.81 63.10

200 1 18 203.62 70.46 44.54 57.09

200 2 6 211.21 48.12 40.19 72.31

210 1 24 197.03 127.00 50.37 102.98

210 2 10 207.73 81.84 44.95 134.12

250 1 34 199.47 544.44 49.63 289.55

250 2 18 196.16 1563.28 59.59 1320.00
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