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ABSTRACT

The Shiryayev-Roberts approach has been adapted to detection of various types of
changes in distributions of non-i.i.d. observations. By utilizing martingale properties of
Shiryayev-Roberts statistics, this technique provides distribution-free non-asymptotic up-
per bounds for the significance levels of asymptotic power one tests for change points with
epidemic alternatives. Since optimal Shiryayev-Roberts sequential procedures are well-
investigated, the proposed methodology yields a simple approach for obtaining analytical
results related to retrospective testing. In the case when distributions of data are known up
to parameters, the paper presents an adaptive estimation that is more efficient than a well-
accepted non-anticipating estimation described in the change point literature. The proposed

adaptive procedure can also be used in the context of sequential change point detection.



1 INTRODUCTION
The observed sample is {Y;};,, where ¥; has conditional density f;q, (u|Y,...,Yi1),

f090<u|}/17" 7)/7, 1)7 7/<V7
fi9¢ (u’}/la"w}/;fl) = f191 (UD/l, ,}/; 1), 1€ [V,’}/), (11)
)

f090<u’}/17" 7}/; 1) 22’77
(v<n,i=1,...,n),

with parameters 6y and 0;. (We will assume here that Y; is independent of future realizations
of the random variables {Y;},.,.) In accordance with the definition (I.1), we suppose that if
v < n then an epidemic state of data runs from time v through v — 1 after which (if v < n)
the normal state is restored.

Specific cases of (1.1) have been widely addressed in the literature, both applied and the-
oretical. Yao (1993), Ramanayake and Gupta (2003) as well as Vexler (2006) have considered
the model (1.1)) that corresponds to independently distributed Y;, ..., Y,; the definition (1.1)),
where Y7, ..., Y, are non-independent was introduced in a sequential context by Lai (1995),
Yakir and Pollak (1998) as well as Tartakovsky and Veeravalli (2005); etc. For other appli-
cations and investigations of such models in technology, econometrics and biostatistics see,
for example, Brown et al. (1975), Broemeling and Tsurumi (1987), Hansen (2000), Braun et
al. (2000) as well as Koul et al. (2003).

Obviously, use of the model (1.1) generally requires derivation of statistics to test if
density functions of Y's are subject to an epidemic state. Thus, obtaining a test for the

hypothesis,
Hy : v>n, wversus H; : 1<v<n; v,v: 0<wv <~y are unknown, (1.2)

must be addressed. Note that, If v > n then (1.2)) is a standard change point problem
(e.g. Lai, 1995; Lai, 2001; Julious, 2001; Gurevich and Vexler, 2005 as well as Vexler and
Gurevich, 2006). The paper essentially considers a retrospective statement of problem (1.1),

(1.2), i.e. the number of observations n is fixed.



Since, in general, tests based on the maximum likelihood ratio have high power (e.g.
Lai, 1995), we propose and examine a class of generalized maximum likelihood asymptotic
power one tests for various types of problem (1.1), (1.2). It is widely known in change point
literature that evaluation of the significance level of generalized maximum likelihood tests is
a major and complicated issue. Commonly, in the context of problem (L.1), (1.2) with i.i.d.
observations prior to and after the change, the asymptotic (n — 0o) significance level of the
test can be derived upon special conditions on distribution functions of Yj,...,Y, and the
epidemic state’s parameter 6; (e.g. Yao, 1993; Ramanayake and Gupta, 2003; Vexler, 2006).
Alternatively, for a specific n and case of (I.1) (1.2) (e.g. Y;, i = 1,...,n are independent and
0y is known), the significant level can be estimated by Monte Carlo simulations (e.g. Chan
and Lai, 2005). However even in these situations, obtaining a guaranteed non-asymptotic
upper bound for the significance level has practical meaning (e.g. Krieger, et al., 2003; Chan
and Lai, 2005; Gurevich and Vexler, 2005; Vexler and Gurevich, 2006). It is clear that if the
significance level of the test is asymptotically in proportional to its upper bound then that
reasonably ensures a p-value of the test.

In the context of specific linear regression forms of (1.1), Vexler (2006) has adapted the
methods, which were developed to solve change point problems in sequential analysis (Yakir
et al., 1999; Krieger, et al., 2003; Lorden and Pollak, 2005), and proposed tests for problem
(L2) based on the Shiryayev-Roberts approach. The main objective of the paper is an
extension of this methodology to the case when no model assumptions on (I.1)) are assumed
and Y's are dependent observations. The proposed tests have a guaranteed non-asymptotic
upper bound for significance level, that ensures a p-value. The proof of this result utilizes a
martingale structure of the test-statistics. Since the upper bound does not depend on the
densities of Y7,...,Y,, nothing can be assumed about these densities. In particular cases of
the stated problem, asymptotic results demonstrated closeness of the upper bound to the
significance levels of the tests that are obtained in this paper.

Note that, the problem of preserving a martingale structure of test-statistics especially

arises in a variety of change point detection issues where density functions of observations



have to be estimated. The non-anticipating estimation is functional in schemes of a change
point detection (e.g. Robbins and Siegmund, 1973; Dragalin, 1997; Krieger, et al. 2003; Lor-
den and Pollak, 2005; Chan and Lai, 2005; Gurevich and Vexler, 2005; Vexler and Gurevich,
2006 as well as Vexler, 2006). However, this manner of estimation sometimes leads to the
information related to the observed sample being disregarded (Lai, 2001). To relax this los-
ing of information, an alternative approach is proposed. This suggested adaptive technique
can also be used in sequential change point detection procedures.

The paper is organized as follows. Section 2 introduces the simple case of problem (I.1)),
(1.2), where parameter 6, of the stable state and parameter 6; of the epidemic state of
model (I.1) are known. The analysis of this section is relatively clear, has basic ingredients
for more general cases, and is the obvious case for the paper’s issue. Section 3l assumes that
the parameters of the epidemic state are unknown. The adaptive procedures are represented
in this section. When all parameters of model (I.1)) are unknown, Section /4] presents the test-
statistic for (1.2). We point out remarks in Section [5. Section (6 demonstrates the results of

Monte Carlo simulations.

2 SIMPLE CASE OF THE PROBLEM

Let Py and Dy denote the probability measure and density of Py under Hy as well as Py, and
Dy, denote the probability measure and respective density under H; with v = k,v = m.
Likewise, let Fy and E},, denote expectation under Py and Pj,,, respectively. Assume the
parameters 6y and ¢, of model (1.1) are known. Hence the likelihood ratio is,

ka(}/lw"ayn) _ - f191 (YZ|}/17’}/;—1)
Do(Vi,. . Ya) Mg v vy

A (2.1)

The maximum likelihood methodology applied to the problem (1.2) (where v and ~ are
unknown) provides the modified CUSUM test-statistic maxi <<, maxi<g<m Agm (€.g. Yao,

1993). Alternatively, we propose the test, which is based on the Shiryaev-Roberts technique,



in the form of

1 max R, > C, (2.2)

n 1<m<n

where Ry, = > 1" Agm, Mg is defined by (2.1) and C' > 0 is the threshold value. The same
idea appears in Vexler (2006) in the context of testing for epidemic changes of a specific
linear regression model. Note that, commonly, sequential procedures based on the Shiryaev-
Roberts approach are optimal methods of detecting a change in distribution of observations
(e.g. Pollak, 1985, 1987).

Example: Consider, for instance, model (1.1) in the autoregressive form
Y, =0V, te, Yo=0, i=1,....n, (2.3)

with parameters 0, = 0pl{i < v} + 6 I{r < i < v} + 6oI{i > ~} (6 is parameter of
the stable state; #; is parameter of the epidemic state of this model; I{-} is the indicator
function) and independent random disturbance terms ¢; have a density f(u). In this case,
we have Ay, = [112, f (Y — 01Yi_1) /f (Y; — 60Y;_1) and the test-statistic (2.2).

Significance level of test (2.2). Commonly, change point detection procedures based on
the Shiryaev-Roberts method have some guaranteed Hy-characteristics. Here we consider a

guaranteed non-asymptotic upper bound for the significance level of the proposed test. Since

f191 (Ympfla s 7Ym71>

Eohn [V, Yo i} = Mg F Yl Y
oNem | {Y1 1} km—1 Ofoeo(Ym\Yi,---,qu) {y; 1}
PrenClMe¥mt) gp(u|Yy, . Yiet)
= Mg dPo(ulY1,.Ym—1) du du = N1
du
D (g, .o Upy)
d Bl = |- Do (uy, ) duy .. duy, = 1,
an o\s / Do iy, ) o (uq Up,) duy U

the sequence {R,, —m} is a martingale under P, with zero expectation. Therefore, we have

Proposition 2.1 The significance level . of the test satisfies:

a=Fh {11<na§ R,, > nC’} <1/C.



(The proof scheme of Proposition 2.1 of Vexler (2006) is appropriate to details.) Thus, fixing
C = 1/« determines the test with the level of significance that does not exceed «.

One can show that when: Yi,...,Y, are independent random variables from an ex-
ponential family; fog,(u) is a density of some probability measure on a sample space;
fio,(u) = exp(Oru — (01)) fog,(w), 61 € €, (2 is an interval on which (.) is finite,
019" (61) — (01) < 00), we obtain the asymptotic result

Proposition 2.2 Let n* = n*(C) be a sequence that satisfies In(C)/n* — 0 as C — oo and

Pioo s nonlattice. Then
lim C’Po{ max R, > n*C’} :/ e *dH(z) <1,
C—oo 1<m<n* 0
where H(x) is the asymptotic distribution, under the regime P, of the overshoot

S (0,7 0(01) ~ n(A), M(A) = inf {1 exp (S (0:Y; — (61)) = A} as A — oo
(see Vexler, 2006).

In the considered case, Proposition 2.2 illustrates the closeness of the true significance level

to the upper bound 1/C.

Power of the test. Without loss of generality and for the sake of clarity of exposition, we
: C_ fie, (YiY1,., Y1)

assume that random variables Z; = Foo (VY1)

under Hy and a; = E,,In(Z;), @€ [y, min(y — 1,n)]. Since

i € [v,min(y — 1,n)] are independent

min(y—1,n) min(y—1,n)
121n?§anZ kz exp Zk In(Z) |,
=V 1=

where Zs have the nonnegative H;-expectation:

o = E,E,, (m(zi)

Yl,...,YH) - —E, B, <1n(1/Zi)
~E, In (Ew(l/Zi Yi,. .. ,Yi_1)>

_ —Ewln( fOGO (u‘)/la"'a}/ifl)
f191 (u‘}/la"'v}/;—l>

by applying almost directly the proof scheme of Vexler’s (2006) Proposition 2.3, we conclude

}/17"'7}/;—1>

v

fio (um,...,n_ndu) _ o,

that the probability of Type II error of test (2.2) is bounded by an exponentially vanishing

(as min(y — 1,n) — v — oo and C' is fixed) term, i.e.

6



Proposition 2.3 Assume that: for some T > 0, a sequence {s; € (0,00), i = v, ..., min(y—

1,n)} and some 6, > 0:

B, |Zi| ' < e <00, 0<t<T, i€ [v,min(y—1,n));
min(y—1,n) _
nC < e % Z e i
k=v
Then the probability of Type II error satisfies the inequality
2,
} < e v if 0, < ST,

SuyT

e 2, if 0y > ST,

1<m<n

P, { max R, < nC

in(y—1
where S, = Z?Eﬁ(y ™ g,

When a; = a; = a > 0, Vexler (2006) considered examples that illustrate applications of this

proposition. A case, where a; # a;, © # j is related to Remark 2 of Section (5.

3 ADAPTIVE PROCEDURES

Section 3/ considers a more complicated case, where the parameter of the stable state 6 is
known and the parameter of the epidemic state 6; is unknown. This case has been widely
discussed in the literature (e.g. Yakir et al., 1999; Krieger, et al., 2003; Lorden and Pollak,
2005; as well as Gurevich and Vexler, 2005) and corresponds to a control problem where the
baseline in-control distribution is known and the epidemic state out-of-control distribution

is not. Frequently, in practical applications, 6, has zero value.

3.1 Procedure Based on Non-Anticipating Estimation

Denote the estimator of the likelihood ratio (2.1) in the form of

(1)
, 3.1
H f090 (Y|Yia7 - ) ( )
where #*~1) is an (any reasonable) estimator of # based upon observations {V1,...,Y;i_1}
under the putative v = k (say, %=1 is fixed as, for example, plek=1) — ¢ o). Since /9\(]“ 2

7



does not depend on Y;, the structure of the non-anticipating estimators {@k’i‘”, 1> k:}

preserves the Hy-martingale property of R%) — m, where
RY = Y AL, m=1,....n (3.2)
k=1

(ie. Bo (RY - m‘{Yl, o Yoa}) = RO (m 1) and By (RS = m) = 0).
In the context of example (2.3)), we have A](;)l =T11", f (Yi _ @k’i_l)YiJ) Jf(Y; —6pY;q)
(e.g. 61 is the maximum likelihood estimator 8"V = arg max, Hz;}c fY; —6Y;_4),

55’“’“) = 0), and hence

m—1
Eo(RW — m)‘{Yl, Y} =Y EOA,SZL‘{Yl, Y = (m—1)
k=1

) ()

—S" AW g ’Y...Ym,— 1
T B LR A

k=1

=R, —(m—1)

Consequently, the proposed test is: reject Hy iff

1
— max RV > (, where R$ by (3.2). (3.3)

n 1<m<n
Consider the significance level of the test. Since the sequence {an,ll) — m} is a martingale

under Py, it is clear that

Proposition 3.1 The significance level oY) of the test satisfies:

oM = P, {1I<n'n?§n R > nC} <1/C.
In order to make an analogy to Proposition 2.2, assume that observations Y ~ Gamma(0,1)
are independent and note that the Gamma(0, 1) family can be transformed into an exponen-
tial family with canonical form: if Y ~ Gamma(6, 1) then a reparameterization p = 6 — 6,

and an appropriate affine transformation Y* of log V" yields a family of probability measures

of Y* with densities

fP(u) - exp(pu - 1/1(,0))f0(U), p e (_‘907 OO),

8



where 1’(0) = 0. Following Lorden and Pollak (2005), define the estimator p**~1 (for the
parameter of i-th observation under the putative v = k) p*+—1) (Z] L Yi+s)/(i—k+t)—0
for given s,t > 0, where p**=1) =0 if s At = 0. Let

20 = Y7 —b(p), A = exp (Z 7 ) R =D A

i=k k=

—_

r(A) = inf{l ~1: RV > A}, MO (A) = inf{l >1: AW > A}.
Proposition 3.2 Let n* = n*(C) be a sequence that satisfies In(C)/n* — 0 as C — oo.
Then
Fo {maxlgmgn* Ry > n*C}

lim

G0 P() {max1<m<n Zz 1 /\(1 o IH(C)}

lim C’Po{ max R > n*C} :/ e’de(l)(x) <1,
C—oo 1<m<n* 0

=1, and

where H(l)( ) the asymptotic distribution, under the measure Py, of the overshoot

sz\ﬁl)(m Z’A’(“ i —1In(A), as A — oc.

Proof. The proof is based on an analogy of Yakir’s (1995) Lemma 1. This result is obtained
in Lorden and Pollak (2005) (see Appendix 1: Sketch of Proof of Theorem 4; Lemma Y1).

According to the lemma, we have

Po{rW(A) < m}
Po{M®(A/m) < m}

=1+o04(1), Py {MU) (é

m) < m} — % /OOO e *dHWY (z)(1 4 0a(1)),

where A = Cn*, m = n* and 04(1) — 0 (as A — o0) are defined. From which the proof of

Proposition 3.2 follows.

3.2 Weighted Shiryayev-Roberts Procedure

In accordance with Lai (2001, p. 398), the adaptive estimators §§’”‘”, which replace the

unknown 6;, are easy to use, however an accuracy of this substitution suffers from the loss
of information due to ignoring Y;, ..., Y,, that are also available under the putative v = m.

This loss of information is further intensified when #; is the vector of unknown parameters.

9



To this end, we consider an alternative of test (3.3). Suppose that a test statistic is based

on components in the form of Ay, = | ) (YilY1,..., Y1) [ foe, (Yi|Ya, ..., Yiq),
1

k< m = 1,...,n, where ak’m) is the maximum likelihood estimator of #; based upon

Yk, ..., Y,, observations. By the definition of the maximum likelihood estimation,

mo frgomen (VilY, .., Vi)
E, Am‘ Yi,....,.Yp 1} > FE
Oin | 1 . °H Fom (VYo Vi)
i, fléflk’mfl) (YilYi, ..., Y1) flé\gk,mﬂ) (YoulY1, .., Y1)

S foe GV Yi) T fog (YnlYas o, Yina)

{5/17 s 7Ym71}

{3/17 s ;mel} = Akmfl

whereas EOAkm‘ {Y1,.. Y1} = A (e Ak is the bias estimator of Agm). Therefore,
that motives to adjust the test-statistic in order to reduce the bias.

Since the stable state parameter is known, we propose the test: reject Hy iff

1 nomn f ’\(km) (YD/l?"'aYZ—l)
— max Rla) > ()| Wy , 3.4
n 1<m<n ZH f090 Y‘}/l,...,}/;,1> ( )

k=1 i=k

55’“”) is defined in (3.1), the weights w( ) are such that

S (e DM Vi) -1
* fooo (YelY1, ..., Y1) 7

Alk,m—1) YlYi,...,Y_l)

m m—1 f
1 _ 16§
gwm‘ (gwm) H fooo Y‘Yl,...,YZ,l)
f’\(km) (Y|Y1,...,Y;_1) -1 g1
Yi,...,Y,_ , =1.
( OH f090 (Y|}/17"-a}/;—1) ‘{ ! 1} 1;[

Obviously, definition (3.4) preserves the Hy-martingale property of RG® m, however cal-

culation of the weights w® is the complex problem. To relax this calculation, we denote the

estimators é\gk’m) = argmaxg [[7", fig (Yj[Y1,...,Yj-1), therefore

ﬁfﬂkm) (Yily1,...,Yiy) mt £y gem (YilYa,..., Y1) gt (YY1, ..., Y1)
Jooo (YilY1, ..., Yiq) o Jooo (YilY1, o Yica) o foeo (Yinl Y, Yinea)
H  fy g (Ve Vi) fygem (Yl Vi Vi)

Jooo (YilY1, ..., Yiq) Jooo Y|V, Y1)

10



and hence, if

f gtk (Yilva,...,Yi—1)
1
0™ ooy (Vil¥1,.,Yi—1)

(2)

Wy, = £ g0k (Vi Y1 Y1) —1
1 —
( fooy (Ye|Y1,....Yk—1) ) ) 1= ]{7,
then
m m f’\(km) Y’}/]_,...7Y71)
Rgal) —m = w(2) . -
ZH foeo (YY1, ..., Y ) (3.5)

k=1 i=k

is a Hyp-supermartingale, because

Ey (RS — ) ‘{YI, e Ya)

m—1 m f ’\(k? m) (Y|}/1, P ’}/;_1)
e ngkz foeo v vy | Y == 1)
m—1 m ’\(km) (Y|}/1,...,Y_1)

=) E (2) v v
£ ngkz H foeo (YlYl,---,YH) { 1, s 1} (m )
m—1 m flé(km 1) Y|}/1,...7Y-_1)

< E w
= °H ki H fooo (VilY1,..., Y1)
fl’é\(k,m) (Ym|Y17,Ym 1

X— ’Y,..., e 1
Jooe YmlY1, .o, Y1) 1&F 1} — (m—1)

s

m—1 m—1 1@1km 1) (Y|Y17,Y )w(Q) lé\gk,m) (Ym|Y1,...,Ym_1)
i fOHo (}/;D/'l"“’}/;,l) km f090 <Ym’}/17"'7Ym—1)
m—1m—1 ‘ .
(m—1) = e fgemy O, Vi)
< LT fog, (YilYa, - Yicn)
aem) (Y| Y1, .00 Y1)
XEOW;S% 16}
fooy Ym|Y1, .o, Y1)

v

Vi, Y} —(m—1) = R — (m—1).

Thus, the alternative test is: reject Hy iff

1
— max RUIY > ( (3.6)

n 1<m<n

By virtue of the Hy-martingale property of the tests statistics, we obtain

11



Proposition 3.3 The significance levels o' and o(**V) of the tests (3.7) and (3.06) satisfies:

ald) = PO{ max R(1“ > nC’} < 1/C,

1<m<n

ol = p, {1r<nn?§nR lal) nC} < 1/C.
Examples: 1. Assume that when the process being monitored is in control, it yields
independent normally distributed observations, and when the process is out of control only
the mean-parameter changes. Let the initial observations Yj,...,Y,_; ~ N(0,1). Assume
§§’””> = Yim = Y Yj/(m —k+1) is the maximum likelihood estimator. Following the
definition of test (3.4), we need to obtain the conditional expectation

£ gt (Yi[Y1,...,Yi1)

OH foeO (Yi|Y1,...,Yi 1)

1 /°° m—k+1 u LT m—k \° u? J
= X e )y B
emiz | P 2 m—k+1 i k1 2 |

1 L 1
1 Foe(—3 ST Yem)?+5 £7)

vyt

Therefore, we have

m—1 m—1 1/2
1 = 1 — m—k m—k
o (‘5 06 = Vima)* +5 3 Y7 = Vi ) ( )

m—k+1
m—k O\ Y2
= [ — k.
(m—k—i—l) e

That is, we obtain

RU®) — ZHW (300Tom+372) _ zmj (ﬁw};)) (V) 3
k=1 i=k k=1 \i=k

(1) i—k \"? v2/2
Wy (i—k—i—l) {i >k} +e "#/*I{i =k},

where the weight w() is the compensator of applying of the maximum likelihood estimation.
2. Let Y's be independent observations; the pre-change distribution be standard exponential,

i. e. 0y = 1; the distribution of the epidemic state be exponential with the unknown

12



parameter 61, i.e. fig,(u) = 01 exp(—6iu); the estimator @\(lk’m) = 1/Yim = (m — k +
1)/ >°0"Y; be the maximum likelihood estimator. Since

m flé\gk,m) (Y,|Yl, Y

i-1) 1 (—Lim:k RS Y)
E ‘ Y ’I’I’i—l = E Yim i=k
g vy 10 =

- - k
7 )mkarl

(vt

km

— (m — k + 1)m—k+le(m—k)7km,l—(m—k-i,-l) /00 1_ du
o (u+(m—k)Y )kt

Y

(B Y e = e~ (1)

m—k (?km—l)mik

we derive the statistics of test (3.4) as

) ik i—k+1
iy = (Tﬂ) el{i > k} + Yee! " I{i = k},

(Yerm)

k=1 \i=k
3. Write the model (I.1)) in the form of the simple segmented linear regression

Y, = b l{v<i<y}+4e, v<y, i=1,...,n, (3.8)

where 67 is unknown regression parameter, x; are fixed predictors, e; are independent ran-
dom disturbance terms with the standard normal density. Define the maximum likelihood

estimator of the unknown parameter
m
lkm)  _ Zj:k Y,
1 = <m 32
Zj:k; x;

According to the methodology proposed in this section, we obtain (similarly to the first

(3.9)

example) the conditional expectation of the estimator of the likelihood ratio

m -1 Y;_‘/g\(k’m)12> m m— . -2
EoHexp( 2< : 93) ‘{Yz}mfl_ (ijx?>l/2€xp (2].:;}@:@)

=1 = - 1
exp (—5Y7) 2k 235 7

For this reason, we write
i—1 92 1/2
1 Z =k x5 . _v2 .
i = (Z]—;> I{i> k) + e PRI = kY, (3.10)
J

2
o D ik Y}%)
Rgnm) _ w(? exp ( J—m



4. One can show regarding the model (2.3) (where 6y = 0, f corresponds to N(0,1) and the

estimator of unknown parameter 6, is

oYY
g = Tl (3.11)
Zj:k‘ )/T]‘—l
we have
w,(;) = <5Lj2> I{i > kY + e %21{i = k}, (wg) = exp(—Y22/2)> . (3.12)
Zj:k 1/’j—l

2
m (m S YY)

Rga) _ W(? exp ( J—m
2\l ) e | S,

k=1

4 GENERAL CASE OF THE PROBLEM

This section considers a test for hypothesis (1.2), where all parameters of the model (1.1
are unknown. Denote the estimator of the likelihood ratio (2.1)

Kt fsaion (VilYe, o, Vi) o fgoien (G[Ya, ., Vi)

, 41
Hfoalmwm,...,x_l) oz (Ve Yi) (4.1)

i=k

where @ is defined by (3.1) (8%*~D = s for given s), 6™ is the maximum likelihood

estimator of # based upon Y7, ...,Y,, observations, i.e.
5(()17”1) :argmeaXHfOG(Y}’Y'lw'wY}fl)' (42)
j=1

The same idea appears in Gurevich and Vexler (2005) in a different context: by virtue of

(4.2), we obtain the inequality

Hfog(()lm Yivi,....Yie)) = ] fos (i3, Yica) (4.3)
i=1 i=1

that is applied to consider the significance level of the test.

We propose the following test-procedure: reject Hy iff for a specified threshold C' > 0

1
— max R? > C, where RY =3,

n 1<m<n

AP By (@1, (4.4)

km7
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Proposition 4.1 The significance level o'?) of the test satisfies:

a® = supPo{ max R(2 > nC’} <1/C.

0o 1<m<n

Proof. Following (4.3)), we obtain that for all 1 < m < n:
klfé‘(lzl) (Yi|Y1,...,Y; f"(kzl)(Y|}/]_,...,Y;_1)

(2) S
Rm B ZH f(]@o Y|1/17 z 1 21_‘[ f090 (YlYi,,Y,)

k=1 =1

a? < sup P, { max Q,, > nC’}

6o 1<m<n

Define a stopping rule NﬁQ)(A) = min {7(*(A4),n}, where for A > 0,
@A) = inf{I>1: Q> A}.
Now

o? < sup P, { max @, > nC’} = sup Fy {QN(Q)( > nC} < sup

0o 1<m<n 6o
Consider the conditional expectation

(Q v m— 1ﬁf0 011 1) Y’}/l, }/i—l)

T it oo (ViYA, Vi)
( Lt (VY i)
Y,

3

X

’Elilt:l

1
1f’\(kz 1)(Y|§/—1,7K 1)
f090 (Y|Yla >Y; 1 foeo Y |Y1,...,Ym_1)
’\(mm 1) Y |}/17,me1)

fo 1,2—1) (Y‘YI7
fOGO Y |}/17"'7Ym—1)

O
f()@() (Y|}/177 —

H foé\(lz 1) Y‘}/l, i— 1)
-1 fO@o Y|}/177 1—1)

+

1

)

Since (4.9), the sequence

Hfoé\(lz 1) Y|}/1,...,Y_1)
f090 Y|}/17"'7}/Zfl)
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(4.5)

(4.6)

(4.7)

(4.8)



is a Hp-martingale with zero expectation and hence

N2 ) f g (ViYL Yil)
~(1,i—1) 7 1y« - i—1
_ (2) 09 ) 7
Eo | Qu@ ey = Na™ (nC) H f([))eo(}/i|yi7---a}/;—l>

=1

=0.

By the inequality (4.8) and the definition of N\”(A) < n, we have

NAO) f oy (YilYa, ..., Yic)
0

1
(2)
« < —supk ”
- C 90p ° i=1 fO@o (}/Z|}/177)/;—1)

(4.10)

fo,i—1) (YilY1,...Yio1)
08}
foey (YilY1,....,Yi—1)

expectation. This completes the proof of Proposition [4.1.

It is clear that the sequence {Hf;l , m> 1} is a Hy-martingale with unit

5 REMARKS

1. Note that the proposed tests have the same upper bound for the significance level if we
consider model (1.1)), where 6y and 6; are multidimensional parameters.

2. The AR(1) model is considered through the paper. The methodology of this paper can
be easily applied to segmented linear /logistic regression models that are commonly applied
to epidemiological studies, where it is often assumed that an explanatory variable has no
effect on a response prior to a certain unknown change point (e.g. Kiichenhoff and Carroll,
1997; Leuraud and Benichou, 2001). (Note that, subindex 7 in (1.1)) can correspond to "age”,
"weight”, "date” etc. variables.) Section 4 provides the analysis of the case where all parame-
ters of a model are unknown. In the context of a linear regression, Vexler (2006) has proposed
more complex tests based on using of the special structure of the segmented regression and
an application of invariant transformations of observations (under these transformations, the
influence of unknown parameters under Hy is removed). Tests similar to the tests considered
in Section 3.2/ for regression models are topics that have not been addressed in the literature.
3. We can efficiently evaluate the points, where the changes have occurred, only if we reject
hypothesis Hy (e.g. Dragalin, 1996). Methods for estimation of v and 7 can be found, for
example, in Borovkov (1998), Braun et al. (2000), Hansen (2000), Koul et al. (2003) etc.
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4. Assume that observations from (I.1)) have been surveyed sequentially (n = 00). Let N(A)
be a stopping rule of a sequential scheme for detecting a change point. One typically controls
the level of false alarms by considering only stopping rules N which satisfy EyN(A) > B for
some specified level B (e.g. Pollak, 1985). In the case of i.i.d. (prior to and after the change)

observations, Lorden and Pollak (2005) investigate the procedure
N(A) = inf{l >1: RY> A},

where Rl(l) by (3.2)). By using the martingale property of Rl(l) —1 (i.e. EO(RSEA) —N(A)) =
0) and the definition of N(A) (i.e. Rg\l,zA) > A), these authors show that EgN(A) > A.
Following Section 3.2, EgN@Y(A) > A and EyN@(A) > A, where the procedures are

Ny =inf{1>1: R >Ab, NeAA) =t {1>1: R > A},

However, here, by applying the weights (which, at least in the considered examples basically,
are independent of observations) instead of the non-anticipating estimation based on a part
of available observations, we preserve the martingale structure.

In the case of model (3.8) with z; = sin(i),6; = 0.5,2, Monte Carlo simulations were
executed in order to evaluate E; o N (@D versus E} oo N. The conclusion was that the proposed
procedure NV raises the alarm more quickly than N, after the change of the model.

5. The proposed martingale methodology is quite general, and that can be applied to complex
models. But, of course, this generality may also be looked upon as a disadvantage, because
in simple cases of the stated problem, asymptotic results for significant levels of tests can
be shown. However, as this case stands, the proposed upper bound is still applicable, since
the threshold C' can been corrected by the asymptotic approximation. This means that C
has been set so that the significance level of the test is no greater than the specified level.
Such method has been widely discussed in the change point literature (e.g. Lorden and
Pollak, 2005). The proposed methodology is easy to use and, obviously, there are situations,
where more accurate calculations of the significant level is impossible or very difficult, or an

investigator need the guaranteed conclusion etc.
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6 Monte Carlo Simulation Study

Here, we numerically illustrate comparison between the adaptive procedure based on the
application of the non-anticipating estimation and the adaptive procedure founded upon the
weighted Shiryayev-Roberts statistics. We consider the model mentioned in the example 4
in Section 3.2, i.e. Y; =0.Y; 1+¢e;, Yo=0, i=1,...,n =75 where 0, = 05I{v < i<~}
(o = 0 and #; = 0.5). For each step of the simulations, 15000 replications of this model were

run. The first step is evaluation of the significance levels for tests based on the test-statistics

(3.12) and
R = ZH)‘Z (@gk,i*l)) L Ni(6) = e (im0 2H ()2, (6.1)
k=1 i=k
b
_ Y)Y,
b — —nga T (=0, ifb<a).
Zj:a }/}—1

Figure (1 depicts the histograms of the logarithm of test-statistics max;<;,<n RO /n and

Max| <m<n R,(ﬁ)/n (under the model, where v > v > n = 75).
- Figure [1 here -

Thus, for example, if C' = 20 then the Monte Carlo significance levels are approximately 0.030
and 0.018 for tests (3.12) and (6.1), respectively. It seems that the Monte Carlo significance
level for the first test is approximately the Monte Carlo significance level for the second test
multiplied by 1.7, for fixed threshold C'. For the second step of this simulation study, we

denote v = 20 and v = 50. Figure 2 plots realizations of these observations.
- Figure 2 here -

The graphical display of the model realizations illustrates complexity of decision making
on existence of epidemic component in the model. Now, we represent the histograms of the
logarithm of test-statistics maxi<p,<p RO /n and maxj<m<y, R /n (under the model, where

v =20 and v = 50) in Figure 3.
- Figure 3 here -
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Thus, for example, if C' = 20 then the simulated powers are about 0.3909 and 0.0431 of
tests (3.12) and (6.1), respectively. It is clear that, in the circumstances, at balance of the
simulated significance levels, the test based on the weighted Shiryayev-Roberts statistics is

more powerful. The next figure can give an experimental reason for this fact.
- Figure 4 here -
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Figure 1: Comparison between the histogram of In (% Max| <m<n Rga)) and

In (% Maxi<m<n Rﬁ,?) (the graphs (a) and (b), respectively); number of realizations is

15000.
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Figure 3: Comparison between the histogram of In (% Max| <m<n Rga)) and
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plotted against i = 1,...,75 (the axis of abscissae).
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