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Abstract

We consider a specific classification problem in the context of change point detec-
tion. We present generalized classical maximum likelihood tests for homogeneity of
the observed sample in a simple form which avoids the complex direct estimation
of unknown parameters. The paper proposes a martingale approach to transfor-
mation of test statistics. For sequential and retrospective testing problems, we
propose adapted Shiryayev-Roberts statistics in order to obtain simple tests with
asymptotic power one. An important application of the developed methods is to the
analysis of exposures’s measurements subject to limits of detection in occupational
medicine.

Key Words: Doob decomposition, change point, classification, CUSUM statis-
tics, likelihood ratio, limit of detection, martingale, martingale transforms,
Shiryayev-Roberts statistics.

AMS subject classification: Primary: 62C25, 62L10, 62N03, 62F03; Sec-
ondary: 60G46.

1 Introduction

Suppose that a series of observations are sequentially or retrospectively
surveyed:

zi = xiI{νi ≥ d}+ yiI{νi < d},
γi =

{
νi, if νi is observed (or known);
zi, if νi is not observed,

i ≥ 1, (1.1)
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where xi, yi, νi are some real random variables, d is a fixed threshold value,
I{·} is the indicator function. Without loss of generality and for the sake of
clarity, we assume that {xi, i ≥ 1} are independent identically distributed
(i.i.d.) random variables with density function fx, and are independent
of the random variables {yi, i ≥ 1}, also i.i.d. with density function fy;
{νi, i ≥ 1} are independent random variables. We are primarily concerned
with testing for homogeneity of the observed samples in (1.1), i.e.

H0 : z1, . . . , zn are each distributed according to the density fx,

versus

H1 : for all i = 1, . . . , n, zi is distributed according to the density

fz i(u; d) ≡ ∂P{xi < u, νi ≥ d}
∂u

+
∂P{yi < u, νi < d}

∂u
for some unknown d, (1.2)

where n is fixed for retrospective testing but random for sequential testing.

The testing for such hypotheses is an extension of the well known change
point problems. Clearly, if νi = −i then it becomes the standard change
point problem (e.g. Page, 1954; Lai, 1995); if for some a, νi = (i − a)2,
then it reduces to the testing for epidemic changes (e.g. Yao, 1993; Vexler,
2006); if {νi, i ≥ 1} are i.i.d. random variables independent of {xi, i ≥ 1}
and {yi, i ≥ 1}, then the problem becomes testing for an identification of
a mixture distribution (e.g. Garel, 2005). All these situations have been
intensively investigated separately.

In addition to change point related problems, (1.1) with (1.2) covers
other important applications as well. Consider the case when νi = xi, for
example, which has not been well addressed in the literature in the context
of hypothesis testing. Suppose νi = xi are not observed for all i ≥ 1, and
therefore γi = zi in (1.1). Then fz i from (1.2) has the form

fz i(u; d) = fz(u; d) ≡ fx(u)I{u ≥ d}+ fy(u)Fx(d), i ≥ 1, (1.3)

where Fx is the distribution function of x1. An important application of
this reduced model is to the analysis of exposures’ measurements subject
to some limits of detection (LOD), a situation frequently encountered in
many medical areas such as occupational medicine (e.g. Cooper et al.,
2002; Helsel, 2005; Vexler et al, 2006). In this case the observed data
contain measurements of the exposure {xi} and instrument noises {yi}. In
order to evaluate the operating characteristics based on such data, various
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authors have provided parametric (in essence) approaches to managing left-
censored data of this type (e.g. Lubinet et al, 2004; Hornung and Reed,
1990; Finkelstein et al, 2001; Schisterman et al, 2006; Vexler et al, 2006).

For measurements of many exposures, the detection threshold is exper-
imentally determined as a function of the variance of a series of blanks or
spiked samples of some known concentration. Conventionally, the value
corresponding to three standard deviation from the experiment is defined
as the LOD and utilized as the detection threshold (e.g. Keith et al, 1983;
Helsel, 2005). In these cases, observed data will be a mixture of observations
truly below the detection threshold, falsely above the detection threshold
and truly above the detection threshold.

The change point models were introduced in the context of quality
control for the purpose of determining a time, T , to distinguish between two
states-control and lack thereof (e.g. Lai, 1995). Although the LOD problem
is in a sense also one of quality control, there are important departures
from the classical change point model; the detection threshold problem
involves some amount of censored observations and the change point itself
is a value taken by a random variable, xi, rather than some value of T .
An empirical approach, applied in practice with the objective to obtain the
limit of instrumentation, is close to change point sequential procedures in
a general sense (e.g. Helsel, 2005).

Following these motives, in the present paper we focus on the sequential
case of (1.1), (1.2), where {νi, i ≥ 1} are not observed. In many problems
related to detection of non-homogeneity of the observed sample, a powerful
or sufficient test statistic (based, for example, on likelihood ratios) is trans-
formed (sometimes compromising the power of the test, e.g. Lai, 2001: p.
398) to obtain target properties of the detection procedure (e.g. Robbins
and Siegmund, 1973; Dragalin, 1997; Lorden and Pollak, 2005; Gurevich
and Vexler, 2005; Vexler, 2006). The paper proposes a martingale method-
ology to provide a technique for such transformations. In Section 2 we
introduce the adaptive procedures, and propose a martingale methodology
in Section 3 for the targeted adaptive test-statistics. Section 4 represents
the results of several Monte Carlo simulations.
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2 Adaptive Procedures

Let Pd, Ed denote respectively the probability and expectation for a given
d. The case d = −∞ corresponds to the case where observations are from
the same density function fx. The classical construction of test statistics
for (1.2) includes a consideration of the likelihood ratio

Λn(d) ≡ f(z1, . . . , zn| under H1)
fx(z1, . . . , zn)

=
n∏

i=1

fz i(zi; d)
fx(zi)

. (2.1)

Since the parameter d is unknown, we apply the maximum likelihood
method to estimate it, however in a specific context. To this end, we arrange
the sequence {γi, i = 1, . . . , n} in decreasing order: ∞ = γ(0:n) > γ(1:n) ≥
γ(2:n) ≥ . . . ≥ γ(n:n) > γ(n+1:n) = −∞. Thus d is estimated by γ(k−1:n),
where k = arg maxl

∏
i fz i(zi; γ(l−1:n)). Since 1 =

∑n+1
k=1 I{γ(k−1:n) ≥

d > γ(k:n)} and therefore Λn(d) =
∑n+1

k=1 Λn(d)I{γ(k−1:n) ≥ d > γ(k:n)},
we define the maximum likelihood estimator of Λn(d) in the form Λn =
maxk Λn(γ(k−1:n)).

A common approach in the change point literature is to use the Shiryaev-
Roberts (SR) statistic in replacement of the maximum likelihood ratios,
leading to the SR change point detection strategy aimed at obtaining guar-
anteed characteristics (e.g. Pollak, 1985, 1987; Lorden and Pollak, 2005;
Vexler, 2006). Note that in a sequential context of a change point detection,
SR procedures are optimal methods for statistical monitoring (e.g. Pollak,
1985). Following this remark we propose the test statistics for (1.2) based
on some variation of Rn =

∑
k Λn(γ(k−1:n)). Formally, we denote, for all

m ≥ 1,

Rm ≡
m∑

k=2

Λm(γ(k−1:m)) +
m∏

i=1

fy(zi)
fx(zi)

=
m∑

k=2

m∏

i=1

fz i(zi; γ(k−1:m))
fx(zi)

+
m∏

i=1

fy(zi)
fx(zi)

=
m∑

k=2

m∏

i=1

fz i(zi; γk−1)
fx(zi)

+
m∏

i=1

fy(zi)
fx(zi)

=
m∑

k=2

Λm(γk−1) +
m∏

i=1

fy(zi)
fx(zi)

, (2.2)

where without ties: γ(1:m) > γ(2:m) > . . . > γ(m:m) and
∑1

2 = 0. Clearly,
if {νi = −i, i ≥ 1} are known then Rm is the classical SR statistic and
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Λn is the standard CUSUM statistic. Note that (2.2) is a very simple
representation of the main component of the test statistic.

Note that, without restrictions on the possible values of the unknown d,
the application of the test statistic in the form maxd̂ Λn(d̂) is a very complex
problem, which depends heavily on the type of density functions of the
stated problem. Moreover, using max−∞≤d̂≤∞ Λn(d̂) needs compensators
for the increasing statistic.

Sequential approach. Suppose one is able to sequentially observe the
series of z1, z2, . . . by (1.1). A detection scheme consists of a stopping time
N for the process {z1, z2, . . .} at which one stops sampling and declares
rejection of H0. In general the stopping time N is determined by

N(C) = inf
{

n ≥ 1 : R(S)
n ≥ C

}
, (2.3)

where R
(S)
n is a reasonable transformation of Rn by (2.2). To control the

level of the average run length to false alarms (i.e. E−∞N), we require
the stopping rule N satisfy E−∞N(C) ≥ B for some specified level B (e.g.
Pollak, 1985,1987; Yakir, 1995).

Retrospective approach. Let the sample size n in (1.1) and (1.2) be
fixed. We transform statistic Rn from (2.2) to an appropriate test statistic
R

(R)
n . With RR

n we reject H0 iff

R(R)
n > C, (2.4)

for some threshold C > 0. Because R
(R)
n is based on generalized maximum

likelihood statistics, the behavior of R
(R)
n under regime Pd (where d 6= −∞)

is quite predictable. Moreover, we define (2.4) as an asymptotic power one
test (if d 6= −∞, C < ∞ are fixed and n → ∞). It is widely known in
change point literature (e.g. Lai, 1995; Gordon and Pollak, 1995; Vexler,
2006) that such tests have high power. However, R

(R)
n has been shown to

behave very erratically under the null hypothesis H0. Hence, evaluation of
the significance level of test (2.4) is a major issue. In order to control the
significance level of the test, we adapt a form of R

(R)
n , as described below.
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Adaptation. A classical approach to the adaption of test statistics is
to apply a transformation of the statistic, after which the H0-martingale
property is achieved (e.g. Brostrom, 1997; Krieger, Pollak and Yakir, 2003;
Gurevich and Vexler, 2005). Basically, this method can be used in cases
where the density of the observed samples, possibly being transformed,
under H0 is completely known (e.g. Yakir, 1998; Krieger, Pollak and
Yakir, 2003; Vexler, 2006). Hence, practically, the expectation E−∞ of
the test statistic can be evaluated. Consider Rn in (2.2) for example. If
{νi = −i, i ≥ 1} are known then Rn − n is the H0-martingale with zero
expectation. Therefore, for a stopping (Markov) time N , by applying the
optimal sampling theorem we can show E−∞N = E−∞RN . This property
is widely used to obtain certain desirable characteristics of change point
procedures (e.g. Robbins and Siegmund, 1973; Dragalin, 1997; Lorden and
Pollak, 2005; Vexler, 2006). However, if νi = xi are not observed for all
i ≥ 1, the statistic Rn does not posses the H0-martingale property. And
hence Rn has to be adapted.

3 Decomposition of Test Statistics and Martingale Approx-
imation

3.1 The Technique

Define =n ≡ σ{z1, . . . , zn} as the sigma algebra based upon {z1, . . . , zn}
(=0 = {∅}). Since by (2.2)

E−∞Rn

∣∣∣=n−1 =
n−1∑

k=2

n−1∏

i=1

fz i(zi; γk−1)
fx(zi)

(
E−∞

fz n(zn; γk−1)
fx(zn)

∣∣∣=n−1

)

+
n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

(
E−∞

fz n(zn; γn−1)
fx(zn)

∣∣∣=n−1

)

+
n−1∏

i=1

fy(zi)
fx(zi)

(
E−∞

fy(zn)
fx(zn)

∣∣∣=n−1

)

= Rn−1 +
n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

, (3.1)

one can show that Rn is a positive H0-submartingale with respect to =n.
However, in accordance, for example, with Krieger, Pollak and Yakir (2003,
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Section 2), it is natural to require that R
(S)
n − n is a H0-martingale with

respect to =n, where R
(S)
n , being a non-negative H0-submartingale applied

to (2.3), is a reasonable modification of Rn defined to be

R(S)
n = WnRn, Wn =

(
Rn−1 +

n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

)−1

(Wn−1Rn−1 + 1)

∈ =n−1, W0 = 0, R0 = 0, (3.2)

and hence by virtue of (3.1)

E−∞
(
R(S)

n − n
) ∣∣∣=n−1 = R

(S)
n−1 − (n− 1).

It is clear that if γi = −i (i.e. {νi, i ≥ 1} are known) then Wn = 1, for all
n ≥ 1.

Brostrom (1997) proposes, for a specific change point problem, to ex-
tract a H0-martingale component of the primary test statistics and to apply
it to a test. Here we apply a similar strategy to obtain the adapted test
statistics. Suppose under H0 we can split the test statistic into two parts,
a martingale component and a predictable component, where under H0 the
second component, for instance, slowly increases when n increases. While
under H1 the H0-martingale component explodes (e.g. the H0-martingale
component is based on a variety of fH1(a sample)/fH0(a sample), where
EH0fH1(an observation)/ fH0(an observation) = 1 and EH1 ln (fH1 (an ob-
servation) / fH0(an observation)) ≥ 0), but the predictable component still
slowly changes (respectively with the first component). Therefore we apply
minimum modification to the transformation of the H0-martingale compo-
nent, whereas the second component can be more flexibly changed for the
target adaption of the test statistics. To this end, we present the Doob
decomposition result.

Lemma 3.1. If Sn is a submartingale with respect to =n, then Sn can
be uniquely written as Sn = 〈S〉(M)

n + 〈S〉(P )
n with the following properties:

〈S〉(M)
n is a martingale component of Sn (i.e. (〈S〉(M)

n ,=n) is a martin-
gale); 〈S〉(P )

n is =n−1-measurable, with that property being called predictable,
〈S〉(P )

n ≥ 〈S〉(P )
n−1 (a.s.), 〈S〉(P )

1 = 1 and

〈S〉(P )
n − 〈S〉(P )

n−1 = E (Sn − Sn−1)
∣∣∣=n−1.
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In addition, let us represent the widely known definition of martingale
transforms. If 〈GX〉(M)

n is a martingale with respect to =n and 〈GY 〉(M)
n is

the difference 〈GX〉(M)
n −〈GX〉(M)

n−1, then the martingale transform 〈G′
X〉(M)

n

of 〈GX〉(M)
n is given by the formula

〈G′
X〉(M)

n = 〈G′
X〉(M)

n−1 + an〈GY 〉(M)
n , (3.3)

where an ∈ =n−1. Such transformations have a long history and interesting
interpretations in terms of gambling. An interpretation is that if we have a
fair game, we can choose the size and side of our bet at each stage based on
the prior history and the game will continue to be fair. An association of
a stochastic game with a change point detection is presented, for example,
by Ritov (1990). Therefore, if the martingale component of Rn is impor-
tant, it is natural to obtain R

(S)
n such that 〈R(S)〉(M)

n (〈R(S)〉(M)

n ∈ =n, but

〈R(S)〉(M)

n 6∈ {=n−1 ∩ {〈R〉(M)
k }n−1

k=1}) is the martingale transform of 〈R〉(M)
n

(“transition: martingale-martingale”). Note that obtaining R
(S)
n that satis-

fies this condition is not trivial, because by directly using the formula (3.3),
we have

an =
〈R(S)〉(M)

n − 〈R(S)〉(M)

n−1

〈R〉(M)
n − 〈R〉(M)

n−1

∈ =n (we need =n−1).

Let the difference 〈S〉(P )
n − 〈S〉(P )

n−1 = E (Sn − Sn−1)
∣∣∣=n−1 be called δn-

predictor of the sequence Sn. Suppose our objective is a transition from
Rn to a nonnegative H0-submartingale R

(S)
n with some specified η

(S)
n−1 ≥ 0,

which is δn-predictor of R
(S)
n (i.e. E−∞R

(S)
n

∣∣∣=n−1 = R
(S)
n−1 + η

(S)
n−1). We

have

Proposition 3.1. Let η
(S)
n−1 ≥ 0, η

(S)
n−1 ∈ =n−1 be specified and Wn be

defined as

Wn =

(
Rn−1 +

n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

)−1 (
Wn−1Rn−1 + η

(S)
n−1

)
. (3.4)

Then, under H0,

1. R
(S)
n = WnRn is the nonnegative submartingale with respect to =n;

2. 〈R(S)〉(M)

n is the martingale transform of 〈R〉(M)
n .
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Proof. In Appendix.

Consider an inverse version of Proposition 3.1.

Proposition 3.2. Assume, under H0, an ∈ =n−1, n ≥ 1 exist, such that

〈R′〉(M)
n = 〈R′〉(M)

n−1 + an

(
〈R〉(M)

n − 〈R〉(M)
n−1

)
,

where R′
n is a submartingale with respect to =n and a specified η

(S)
n−1 ≥ 0,

which is δn-predictor of R′
n. Then R′

n = WnRn+ςn, where Wn is defined by
(3.4), {ςn,=n} is a martingale, and ςn is a martingale transform of 〈R〉(M)

n .

Proof. In Appendix.

Thus, for a specified η
(S)
n−1 ≥ 0 we can also obtain a submartingale R′

n =

WnRn + ςn. However, WnRn (= R
(S)
n ) already includes a component that

is a martingale transform of 〈R〉(M)
n . By considering the basis components,

we can limit R′
n up to RS

n .

3.2 Sequential test

Therefore, the choice of R
(S)
n = WnRn in (2.3) is proposed by these prob-

abilistic reasons. For the statistical application we define Wn by (3.2) (i.e.
η

(S)
n−1 ≡ 1 in the respective definition of Wn in Proposition 3.1) and consider

a lower bound for the average run length to false alarm of procedure (2.3).

Proposition 3.3. Assume C > 0, then E−∞N(C) ≥ C.

Proof. By definition (2.3), we obtain WN(C)RN(C) ≥ C. From the H0-
martingale structure of WnRn − n and the optimal sampling theorem, the
proof of Proposition 3.3 follows, since

0 = E−∞
(
WN(C)RN(C) −N(C)

) ≥ C − E−∞N(C).

When we monitor the significant level of the sequential procedure (2.3),
let R

(S)
n = WnRn, where Wn is defined by (3.4) with η

(S)
n−1 ≡ 0 (n > 1) and

W0 = R0 = 1. Since, in this case, R
(S)
n is a H0-martingale (E−∞R

(S)
1 = 1),

we obtain
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Proposition 3.4.

P−∞
{

R(S)
n ≥ C for some n ≥ 1

}
≤ 1/C.

Remark 1. When νi = −i in (1.2) and η
(S)
n−1 ≡ 1 (n > 1) in (3.4),

the results in Propositions 3.1 and 3.2 have been extended to general sub-
martingale cases by Vexler, Liu and Pollak (2006). In particular, the au-
thors showed that the classical SR statistic R

(S)
n =

∑n
k=1

∏n
i=k

fy(zi)
fx(zi)

and

the simple CUSUM statistic Λn = max1≤k≤n
∏n

i=k
fy(zi)
fx(zi)

have a common
H0-martingale basis, and hence the procedures based on SR statistics and
the schemes founded on CUSUM statistics have almost equivalent opti-
mal statistical properties. Moreover, the classical SR statistic R

(S)
n is the

adapted CUSUM statistic (i.e. R
(S)
n is obtained by (3.2) with Rn = Λn).

Remark 2. Assume that a density function fy depends on the unknown
parameter θy and fz i(u; d) = fz i(u; d; θy). In this case, the SR rule is in
principle easy to modify (e.g. Krieger, Pollak and Yakir, 2003; Lorden and
Pollak, 2005): just define a mixing measure dΘy(θ) and

Rn =
∫ (

n∑

k=2

n∏

i=1

fz i(zi; γk−1; θ)
fx(zi)

+
n∏

i=1

fy(zi; θ)
fx(zi)

)
dΘy(θ),

Wn =

(
Rn−1 +

∫ n−1∏

i=1

fz i(zi; γn−1; θ)
fx(zi)

dΘy(θ)

)−1

(Wn−1Rn−1 + 1) ,

R(S)
n = WnRn, W0 = R0 = 0,

where Θy is a prior probability measure and we pretend that θy ∼ Θy. At
this rate, for example, Proposition 3.3 is valid. Now, let fx(u) = fx(u; θx)
be known up to parameter θx ∼ Θx and fz i(u; d) = fz i(u; d; θy, θx). Define

Rn =
∫ (

n∑

k=2

n∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θ

1,n
x )

+
n∏

i=1

fy(zi; θ1)

fx(zi; θ
1,n
x )

)
dΘy(θ1)dΘx(θ2),

Wn =

{∫ (
n−1∑

k=2

n−1∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θ

1,n
x )

+
n−1∏

i=1

fy(zi; θ1)

fx(zi; θ
1,n
x )

)
dΘy(θ1)dΘx(θ2)

+
∫ n−1∏

i=1

fz i(zi; γn−1; θ1, θ2)
fx(zi; θ

1,n
x )

dΘy(θ1)dΘx(θ2)

}−1
fx(zn; θ1,n

x )
maxθ fx(zn; θ)
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× (Wn−1Rn−1 + 1) ,

R(S)
n = WnRn, W0 = R0 = 0,

where θ1,n
x is an estimator of θx based on z1, . . . , zn (e.g. θ1,n

x ∈ =n is the
maximum likelihood estimator). Since

WnRn =

{∫ (
n−1∑

k=2

n−1∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θx)

+
n−1∏

i=1

fy(zi; θ1)
fx(zi; θx)

)
dΘy(θ1)

dΘx(θ2) +
∫ n−1∏

i=1

fz i(zi; γn−1; θ1, θ2)
fx(zi; θx)

dΘy(θ1)dΘx(θ2)

}−1

× fx(zn; θx)
maxθ fx(zn; θ)

(Wn−1Rn−1 + 1)

×
∫ (

n∑

k=2

n∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θx)

+
n∏

i=1

fy(zi; θ1)
fx(zi; θx)

)
dΘy(θ1)dΘx(θ2)

≤
{∫ (

n−1∑

k=2

n−1∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θx)

+
n−1∏

i=1

fy(zi; θ1)
fx(zi; θx)

)
dΘy(θ1)dΘx(θ2)

+
∫ n−1∏

i=1

fz i(zi; γn−1; θ1, θ2)
fx(zi; θx)

dΘy(θ1)dΘx(θ2)

}−1

(Wn−1Rn−1 + 1)

×
∫ (

n∑

k=2

n∏

i=1

fz i(zi; γk−1; θ1, θ2)
fx(zi; θx)

+
n∏

i=1

fy(zi; θ1)
fx(zi; θx)

)
dΘy(θ1)dΘx(θ2),

E−∞R
(S)
n

∣∣∣=n−1 ≤ R
(S)
n−1 + 1, and hence

{
R

(S)
n − n,=n

}
is a H0-super -

martingale. Therefore, we have E−∞N(C) ≥ C.

Remark 3. Because the H0-martingale component of the primary test
statistic is an important term of the transformation from Rn to R

(S)
n , by

directly applying Lemma 3.1, we can write

R(S)
n = 〈R〉(M)

n + n = Rn −
n∑

k

k−1∏

i=1

fz i(zi; γk−1)
fx(zi)

+ n. (3.5)

However, in the general context of the stated problem (1.2), this defini-
tion does not provide nonnegative H0-submartingale structure of R

(S)
n and

use of the optimal sampling theorem is problematic. We will consider the
procedure based on (3.5) in Section 4.
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3.3 Retrospective Test

Vexler (2006) proposes a modification of SR statistics and applies to retro-
spective change point detection. In the context of a classical change point
problem (the definition of this problem is presented by Yao, 1993) tests
based on the modified SR statistics have asymptotic ((n,C) →∞) signifi-
cance levels, which are equal to significance levels of the respective CUSUM
tests. (For the references related to CUSUM procedures, see Page, 1954;
Sen and Srivastava, 1975; Pettitt, 1980; Gombay and Horvath, 1994; Dra-
galin, 1996; Gurevich and Vexler, 2005.) Here we apply the same approach
to the problem of (2.4) with R

(R)
n = max1≤m≤n Rm.

Proposition 3.5. The significance level α of the test satisfies:

α ≡ P−∞

{
max

1≤m≤n
Rm > C

}
≤ min

(∑n
m=1 em−1

C
,

P−∞

{
R1 >

C

2

}
+

2
∑n

m=1 E−∞Pγ′m−1

{
Rn > C

2

}

C

)
,

where e0 = 1, em = E−∞fz m(zm; γm)/fx(zm) and γ′0 = −∞, γ′m = γm.

Proof. In Appendix.

We therefore have the non-asymptotic upper bound for the significance
level of the test (2.4): e.g. α ≤ ∑n

m=1 em−1/C. Thus, selecting C =∑n
m=1 em−1/α determines a test with a level of significance that does not

exceed α (that ensures a p-value). Note that use and interpretation of the
upper bounds similar to the one obtained above is a widely known topic in
statistics (e.g. Robbins, 1970; Krieger, Pollak and Yakir, 2003; Gurevich
and Vexler, 2005). In simple cases of (1.1), (1.2), one can show Cα/n → αL,
where the constant αL ∈ (0, 1) (Vexler, 2006).

Remark 4. Since for all i ≥ 1 and finite d

Ed ln
fz i(zi; d)
fx(zi)

> − ln Ed
fx(zi)

fz i(zi; d)
= 0, (3.6)

for small enough η > 0, there exists a constant h > 0, such that for every
t ∈ [d− h, d + h], Ed ln fz i(zi; t)

fx(zi)
> η. Let N be large enough, such that for

every t ∈ [d− h, d + h] and n ≥ N ,

1
n

n∑

i=1

ln
fz i(zi; t)
fx(zi)

> η/2 a.s. .
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Then for n ≥ N ,

Rn ≥
∑

γk−1∈[d−h,d+h]

n∏

i=1

fz i(zi; γk−1)
fx(zi)

≥
∑

γk−1∈[d−h,d+h]

exp{nη/2} a.s.,

assuming the probability of each event under the summation sign is positive.
Therefore, test (2.4) is asymptotically power one, if, e.g., ln(C) = o(n).

Remark 5. Similar to Remark 2, the retrospective test for (1.2),
where fx and fz i are known up to some parameters, can be considered.

4 Implementation and Simulation

In order to demonstrate the efficiency of the procedure (2.3) with R
(S)
n de-

fined by (3.2) and the closeness of the lower bound obtained by Proposition
3.3, in this section we present results of several Monte Carlo experiments
related to the sequential aspect of the stated problem (1.1), (1.2), where
νi = xi, xi ∼ N(2, 3) and yi ∼ N(0, 1).

From the method described in Sections 2 and 3, we choose two pro-
cedures N (1)(C) and N (2)(C), which utilize (2.3) with R

(S)
n by (3.2) and

R
(S)
n by (3.5), respectively. We ran 15000 repetitions of the model (where

d = −∞, 0.5, 0.7, 0.9, 1.1) for each procedure and at each point C = 70, 100,
130, 160, . . .. Figure 1 depicts the Monte Carlo averages of N (1)(C) and
N (2)(C) in these cases, where every simulated observation is from N(2, 3)
(i.e. under H0: d = −∞). It appears that, as usual for change point
detections, E−∞N (1)(C)/C and E−∞N (2)(C)/C have some limit value, as
C → ∞. In the considered case the curve of E−∞N (1)(C) is close to the
lower bound C.

Now consider the situation where the sample is nonhomogeneous. For
d = 0.5, 0.7, 0.9, 1.1, Figure 2 plots the Monte Carlo averages of N (1)(C)
and N (2)(C). The figure shows that both EdN

(1)(C) and EdN
(2)(C) are

similar to linear functions of ln(C). This is also a common property of
change point detection policies. However, with

E−∞N (1)(C1)' E−∞N (2)(C2), N (1) tends to be a quicker detection scheme.
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Figure 1: Comparison between the Monte Carlo estimator of E−∞N (1)(C) (—◦—)

and the Monte Carlo estimator of E−∞N (2)(C) (- -◦- -).

Appendix

Proof of Proposition 3.1. By applying the definition of Wn and (3.1), we
obtain

E−∞R(S)
n

∣∣∣=n−1 = Wn−1Rn−1 + η
(S)
n−1 ≥ R

(S)
n−1,

hence R
(S)
n is the nonnegative submartingale with respect to =n. According

to Lemma 3.1, we have

〈R(S)〉(M)

n = R(S)
n − 〈R(S)〉(P )

n = R(S)
n −

n∑

k

η
(S)
k−1.

Therefore,

〈R(S)〉(M)

n − 〈R(S)〉(M)

n−1 = R(S)
n −R

(S)
n−1 − η

(S)
n−1 = WnRn −Wn−1Rn−1 − η

(S)
n−1,
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Figure 2: The Monte Carlo estimator of EdN
(1)(C) (—◦—) and the Monte Carlo

estimator of EdN
(2)(C) (- -◦- -) are plotted against ln(C) (the axis of abscissae),

where d = 0.5, 0.7, 0.9, 1.1 regard graphs (a)-(d), respectively.

where Wn−1Rn−1 = WnRn−1+Wn
∏n−1

i=1
fz i(zi;γn−1)

fx(zi)
−η

(S)
n−1 by the definition

of Wn. Now we have

〈R(S)〉(M)

n − 〈R(S)〉(M)

n−1 = Wn

(
Rn −Rn−1 −

n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

)
.
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On the other hand, by Lemma 3.1 and (3.1) one can show that

〈R〉(M)
n − 〈R〉(M)

n−1 = Rn −
n∑

k

k−1∏

i=1

fz i(zi; γk−1)
fx(zi)

−Rn−1 +
n−1∑

k

k−1∏

i=1

fz i(zi; γk−1)
fx(zi)

= Rn −Rn−1 −
n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

.

Since Wn ∈ =n−1, by definition (3.3) the proof of Proposition 3.1 is now
complete. ¥

Proof of Proposition 3.2. Clearly, we have R′
n = WnRn + ςn, where

ςn = R′
n −WnRn ∈ =n. Consider the conditional expectation

E−∞R′
n

∣∣∣=n−1 = E−∞WnRn

∣∣∣=n−1 + E−∞ςn

∣∣∣=n−1

= Wn−1Rn−1 + η
(S)
n−1 + E−∞ςn

∣∣∣=n−1

= R′
n−1 − ςn−1 + η

(S)
n−1 + E−∞ςn

∣∣∣=n−1.

On the other hand, R′
n is a submartingale, and therefore E−∞R′

n

∣∣∣=n−1 =

R′
n−1 + η

(S)
n−1. With this we conclude that E−∞ςn

∣∣∣=n−1 = ςn−1.

From the basic definitions and Lemma 3.1 (in a similar manner to the
proof of Proposition 3.1) it follows that

〈R′〉(M)
n − 〈R′〉(M)

n−1 = ςn − ςn−1 + Wn

(
Rn −Rn−1 −

n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

)

= ςn − ςn−1 + Wn

(
〈R〉(M)

n − 〈R〉(M)
n−1

)
.

Hence

ςn − ςn−1 = (an −Wn)
(
〈R〉(M)

n − 〈R〉(M)
n−1

)
, (an −Wn) ∈ =n−1.

This completes the proof of Proposition 3.2. ¥
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Proof of Proposition 3.5. By (3.1), Rn is the positive H0-submartingale.
Therefore, α ≤ E−∞Rn/C. By virtue of the recursion

E−∞Rn = E−∞E−∞Rn

∣∣∣=n−1 = E−∞Rn−1 + E−∞
n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

= E−∞Rn−1 + E−∞E−∞
n−1∏

i=1

fz i(zi; γn−1)
fx(zi)

∣∣∣γn−1

= E−∞Rn−1 + en−1,

we have α ≤ ∑n
m=1 em−1/C. Moreover, using a maximal inequality for

nonnegative submartingales (Bhattacharya, 2005) leads to

α ≤ P−∞

{
R1 >

C

2

}
+

2E−∞RnI
{
Rn > C

2

}

C

= P−∞

{
R1 >

C

2

}
+

2
∑n

m=1 E−∞Λn(γ′m−1)I
{
Rn > C

2

}

C

= P−∞

{
R1 >

C

2

}
+

2
C

n∑

m=1

E−∞E−∞Λn(γ′m−1)I
{

Rn >
C

2

} ∣∣∣γ′m−1

= P−∞

{
R1 >

C

2

}

+
2
C

n∑

m=1

E−∞
∫

f(z1, . . . , zn| under H1, where d = γ′m−1)
fx(z1, . . . , zn)

fx(z1, . . . , zn)

×I

{
Rn >

C

2

}
= P−∞

{
R1 >

C

2

}
+

2
C

n∑

m=1

E−∞Eγ′m−1
I

{
Rn >

C

2

}
.

This completes the proof of Proposition 3.5. ¥
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